The IceCube collaboration reported a ∼ 3.5σ excess of 13 ± 5 neutrino events in the direction of the blazar TXS 0506+056 during a ∼6 month period in 2014-2015, as well as the (∼ 3σ) detection of a high-energy muon neutrino during an electromagnetic flare in 2017. We explore the possibility that the 2014-2015 neutrino excess and the 2017 multi-messenger flare are both explained in a common physical framework that relies on the emergence of a relativistic neutral beam in the blazar jet due to interactions of accelerated cosmic rays (CRs) with photons. We demonstrate that the neutral beam model provides an explanation for the 2014-2015 neutrino excess without violating X-ray and γ-ray constraints, and also yields results consistent with the detection of one high-energy neutrino during the 2017 flare. If both neutrino associations with TXS 05065+056 are real, our model requires that (i) the composition of accelerated CRs is light, with a ratio of helium nuclei to protons 5, (ii) a luminous external photon field (∼ 10 46 erg s −1 ) variable (on year-long timescales) is present, and (iii) the CR injection luminosity as well as the properties of the dissipation region (i.e., Lorentz factor, magnetic field, and size) vary on year-long timescales.
INTRODUCTION
The IceCube Collaboration recently reported the detection of a high-energy (E ν 290 TeV) muontrack neutrino event (IceCube-170922A) from the flaring blazar TXS 0506+056 (Aartsen et al. 2018a ), providing the ∼ 3σ high-energy neutrino-source association. A follow-up analysis of IceCube archival data revealed a past "neutrino excess" at a significance level of ∼ 3.5σ (13 ± 5 signal events within ∼ 6 months) from the direction of TXS 0506+056, which, however, was not accompanied by an electromagnetic flare (Aartsen et al. 2018b; Fermi-LAT collaboration et al. 2019) . The most probable energy for the neutrinos from the 2014-2015 period lies in the range ∼ 10 − 100 TeV and the inferred isotropic muon neutrino luminosity, if all signal events originated from TXS 0506+056, is 1.2 × 10 47 erg s −1 (Aartsen et al. 2018b ). Blazars are active galactic nuclei (AGN) with strong relativistic jets oriented at a small angle with respect to the line of sight (e.g., Urry & Padovani 1995) . Being some of the most powerful astrophysical steady sources, blazars have been extensively studied as sources of high-energy astrophysical cosmic rays (CRs) and neutrinos (see, e.g., Mannheim et al. 1992; Mannheim 1995; Halzen & Zas 1997; Atoyan & Dermer 2003; Murase et al. 2014; Dermer et al. 2014; Rodrigues et al. 2018a; Palladino et al. 2019; .
Theoretically, flares are ideal periods of neutrino production in blazars. During flaring episodes, the density of the target photon field for photomeson interactions with the hadrons in the blazar jet is usually enhanced. It is also possible that the injection rate of accelerated protons is simultaneously enhanced. As a result, many models predict that the neutrino luminosity, L ν , is strongly enhanced during flares, with L ν ∝ L α γ , where L γ is the photon luminosity and α ∼ 1.5 − 2 Tavecchio et al. 2014; Murase & Waxman 2016) . From the experimental point of view, flares constitute ideal periods for neutrino emission, as the rate of background (atmospheric) neutrinos is reduced by focusing searches on a narrow time window.
The reported association of IceCube-170922A with the 2017 flare of TXS 0506+056 was studied in detail by several authors (Keivani et al. 2018; Murase et al. 2018; Liu et al. 2018; Gao et al. 2019; Cerruti et al. 2019 ). All of the aforementioned studies concluded that at most ∼ 0.01 − 0.1 muon neutrinos 1 could have been produced by TXS 0506+056 during the ∼ 6-month-long electromagnetic flare, if the neutrino emission originated from the same region in the blazar as the bulk of the photon emission (single-zone scenarios). The observation of one high-energy neutrino from the 2017 flare of TXS 0506+056 can be consistent with the theoretical estimates in the presence of an ensemble of faint sources with summed expectation ∼one neutrino (Aartsen et al. 2018a; Strotjohann et al. 2019) , but it implies that this association was lucky.
The lack of an electromagnetic flare during the 2014-2015 neutrino excess does not fit well in the above picture. Murase et al. (2018) pointed out that single-zone scenarios lead to cascade X-ray emission detectable by the X-ray satellites Swift and MAXI, assuming that jet parameters are similar to those of the 2017 flare. Studies by Reimer et al. (2019) and Rodrigues et al. (2018b) found no parameters that can explain the 2014-2015 neutrino excess in a single-zone model. Petropoulou et al. (in preparation) also found no single-zone modelamong the fifty models that they explored -that can explain the neutrino flux and simultaneously satisfy the electromagnetic constraints from the spectral energy distribution (SED) of TXS 0506+056.
The aforementioned results highlight the need for multi-zone models to explain the 2014-2015 excess of neutrinos in the direction of TXS 0506+056 (e.g., Murase et al. 2018; Wang et al. 2018; . In practice, the existence of more than one emitting regions in the jet of TXS 0506+056 means the possibility to balance the relative energy output of the different emitting species across different parts of the jet, albeit at the cost of additional free parameters.
Here, we explore one such model, based on the idea that accelerated cosmic-ray nuclei in the inner jet interact with internal synchrotron photons and external radiation fields to produce a collimated beam of neutrons, in 1 At most ∼ 0.01 muon neutrinos could have been detected through the EHE alert channel within six months in the modeling that took into account the ultraviolet data (Keivani et al. 2018). addition to neutrinos and γ-rays (Eichler & Wiita 1978; Atoyan & Dermer 2003; Dermer et al. 2012) . The neutrons continue to interact with external photon fields on parsec (pc) scales and produce additional neutrinos, which can dominate the total neutrino output of the blazar. In contrast to single-zone models previously reviewed, the electromagnetic cascade induced by the beam can be suppressed in this setup due to (i) the isotropization and time delay of electrons and positrons in the large scale jet and (ii) the lack of pair injection due to the Bethe-Heitler (BH) process which is irrelevant for neutrons. Murase et al. (2018) have shown with analytical arguments that the neutral beam model can, in principle, explain the 2014-2015 and 2017 neutrino emission of TXS 0506+056. In this work, we perform a detailed numerical investigation of the neutral beam model with the goal of explaining the multi-messenger observations of TXS 0506+056 in 2014-2015. For this purpose, we numerically compute the electromagnetic and neutrino emissions produced in the inner emitting blob and the neutral beam for a wide set of parameters. We also explore if the same framework can be applied to the 2017 neutrino detection of IceCube-170922A. This paper is organized as follows. In Section 2, we outline the neutral beam model and present analytical estimates for the production efficiency of neutrinos and secondary electron-positron pairs by the interactions of nuclei, protons, and neutrons with photons. In Section 3, we present the numerical approach we adopted for calculating the neutrino and photon emission within our model. In Section 4, we present numerical results on the expected neutrino flux and accompanying electromagnetic emission from the blazar TXS 0506+056 in 2014-2015 and 2017. In Section 5, we discuss the implications of our results and conclude with a summary.
MODEL DESCRIPTION

General considerations
Blazars -active galactic nuclei with relativistic jets pointing towards the observer (e.g., Antonucci 1993; Urry & Padovani 1995) -are thought to be powered by an accreting supermassive black hole (SMBH) in their centers (e.g., Blandford & Rees 1978) . Besides the nonthermal radiation from the jet, which typically dominates the radiative output of the source, there are several other sources of radiation in the blazar environment, e.g., the accretion disk, the broad line region (BLR), and the dusty torus (for the BLR emission of TXS 0506+056, see Padovani et al. 2019) .
Variable broadband blazar emission is believed to originate in the jet, but the location and dissipation mech-anisms remain unclear (for a recent review, see Rani et al. 2019) . Here, we model the region, wherein accelerated particles are injected, as a spherical blob of radius R b that contains a tangled magnetic field of strength B and moves with a bulk Lorentz factor Γ (see Figure 1 for an illustration). Henceforth, primed quantities are measured in the rest frame of the blob (or jet). The co-moving spectral luminosity of all emission produced in the blob appears boosted in the observer's frame, i.e.,
the approximation is valid for Γ 1 and small angles between the observer's line of sight and the jet axis (i.e., θ ∼ 1/Γ). We also derive the isotropic-equivalent luminosity of the beam-induced neutrinos in the observer's frame via the transformation ε ν L εν = δ 4 ε ν L ε ν , since the produced neutrinos are assumed to be collimated within an angle ∼ 1/Γ.
We assume that charged particles, including (primary) electrons, protons, and heavier nuclei are accelerated to high energies before they are injected into the blob, where they subsequently lose energy through various radiative processes. Several mechanisms of particle acceleration have been discussed in application to AGN jets, e.g., Fermi type I (Dermer & Razzaque 2010; Inoue & Tanaka 2016) , Fermi type II (Böttcher et al. 1999; Schlickeiser & Dermer 2000; Katarzynski et al. 2006) , magnetic reconnection (Lovelace et al. 1997; Giannios et al. 2009; Nalewajko et al. 2018; Christie et al. 2019) , shear acceleration (Rieger & Duffy 2004; Rieger et al. 2007; Kimura et al. 2017b ). In all scenarios, the acceleration efficiency depends on local plasma conditions (for relativistic shocks in magnetized jets, see Sironi et al. 2015a,b) . Despite the specifics of the acceleration process, the resulting particle energy spectrum can be phenomenologically described by a power law terminated by a high-energy exponential cutoff, which for a nucleus of mass number A can be written as:
where the normalization is determined by the total cosmic-ray injection luminosity L CR , s acc is the powerlaw index, f A is the number fraction of accelerated nuclei, Z is the charge number, ε p,max is the maximum proton energy, and ε A,max = Zε p,max . In the following, we consider hard power-law energy spectra for the accelerated nuclei with s acc = 1 and adopt ε p,min = 1 GeV; similar results are obtained for any other choice of the power law index as long as s acc < 2. Radiation fields that are external to the jet can affect the photohadronic interaction rates of protons and nu- Figure 1 . A schematic view of the neutral beam model for blazars (not in scale). Protons and heavier nuclei are accelerated in a localized region of the blazar jet (blob), where they interact with various photon fields in the blazar environment to produce high-energy photons, electron-positron pairs, neutrinos, and neutrons. While pairs may radiate away their energy and high-energy photons may be attenuated before they escape the blob, neutrinos and neutrons can freely escape. Neutrons continue interacting with external photons on larger scales, as they propagate along the jet forming a collimated beam (θ ∼ 1/Γ), to produce more high-energy neutrinos and pairs. The neutrino emission is still beamed, but the associated cascade emission from the pairs will be diminished because of angular and time spreads.
clei (Dermer & Humi 2001; Murase et al. 2014; Dermer et al. 2014; Reimer et al. 2019; Padovani et al. 2019) . In this study, we consider an arbitrary external isotropic radiation field as the main target for photohadronic interactions of nuclei/protons in the blob and neutrons in the beam. We assume that the differential photon number density has a power-law-like spectrum 2 :
2 For the purposes of the analytical calculations presented in Section 2.2, we simply consider a power-law target photon field.
where n ex,0 is a normalization factor determined by the co-moving energy density u ex , s ex is the photon index, and ε γ,min , ε γ,max are the minimum and maximum photon energies, respectively. We further assume that the co-moving energy density of the external photon field is much larger than any of the non-thermal photon emission produced within the blob, so that we can safely neglect the latter in our neutrino calculations. We discuss possible origins of the external radiation in Section 5.
Neutral beam and neutrino production
Here we discuss the physics of neutrino production with analytical expressions, although the calculations are performed numerically.
Neutrinos are natural by-products of the photomeson production process of nuclei inside the blob:
where f
that is assumed to be less than unity) is the energy loss efficiency of the photomeson process for nuclei (Murase & Beacom 2010; Zhang & Murase 2018) and L ε A ≡ ε A dN /dε A . The proton photomeson energy loss efficiency can be written as (e.g., Murase et al. 2018) :
where equation (2) is used, η pγ [s ex ] = 2/(1 + s ex ),σ pγ 0.7×10 −28 cm 2 is the effective cross section for photomeson interactions of protons, ε p,0 = 0.5m p c 2ε ∆ /ε γ,max , ε ∆ ∼ 0.34 GeV, and ε γ,max = 10 2 eV.
Photomeson production by nucleons or nuclei also leads to neutrons as well as neutrinos. The beam of neutrons and secondary particles is collimated with an opening angle of ∼ 1/Γ, where Γ ∼ δ. The co-moving luminosity of the escaping neutral beam can be estimated as follows :
where for simplicity we consider only the photodisintegration process as a source of neutrons 3 , and ζ n ∼ 1/2 is the fraction of neutrons in the emitted nucleons, to be determined by numerical simulations. The effective optical depth for the photodisintegration of nuclei f Aγ can be estimated as (Murase & Beacom 2010; Zhang et al. 2017) :
where equation (2) is used, η Aγ [s ex ] = 2/(1 + s ex ), σ Aγ ≡ σ GDR ∆ε GDR /ε GDR 1.7×10 −27 cm 2 is the effective photodisintegration cross section for helium nuclei, ε A,0 = 0.5m A c 2ε GDR /ε γ,max ,ε GDR = 0.925A 2.433 for A ≤ 4 (Murase & Beacom 2010) , and ε γ,max = 10 2 eV is used to get the numerical value in the above estimate.
In addition, neutrinos can be produced from the interaction of the escaping neutrons with external radiation fields, with an estimated luminosity of:
where f nγ is the energy loss efficiency of the escaping neutron beam, which is assumed to be less than unity. The efficiency can be written as:
where R ex is the size of the external radiation field (as measured in the AGN rest frame), η nγ [s ex ] = 2/(1+s ex ), σ nγ ∼σ pγ is the effective cross section for photomeson interactions of neutrons, ε n,0 = 0.5m n c 2ε ∆ /ε γ,max , and ε γ,max = 10 2 eV is used in the final estimate.
The luminosity ratio of beam-induced neutrinos and blob-induced neutrinos (for a single species of nuclei) can be then estimated as:
For the same target field, the ratio f nγ [ε n ]/f pγ [ε A /A] depends on the relative size of the blob and the external radiation field as ∝ R ex /ΓR b , with its exact value determined by the details of the photodisintegration processes inside the blob. For example, if R ex /ΓR b ∼ 40, then we have ξ ν ∼ 3 R ex,17.6 Γ −1 1 R b,15 (ζ n /1)(f Aγ [ε A ]/0.07). Thus, for certain parameters the neutrino emission produced from the neutral beam can be several times larger than blob's neutrino emission ).
Constraints from electromagnetic cascades
Along with neutrinos, the photomeson production process leads to the generation of relativistic electronpositron pairs (henceforth, we will refer to them simply as pairs) via the decay of charged pions and of γ-ray photons from the decay of neutral pions. Another source of relativistic pairs is the BH process of protons and nuclei (for its importance in blazars, see, e.g., Murase et al. 2014; Keivani et al. 2018; Murase et al. 2018 ). The effective optical depth to the BH pair-production process can be written as :
where equation (2) (Chodorowski et al. 1992; Murase et al. 2018 ).
The secondary pairs produced within the blob can radiate away their energy via synchrotron and inverse Compton scattering (ICS) processes before they escape from the emitting region. Similarly, γ-ray photons from neutral pion decays can be attenuated by soft radiation in the blob, resulting in the production of more relativistic pairs. The net result is the development of an electromagnetic cascade within the blob, whose flux is limited by available multi-wavelength observations (see, e.g., Keivani et al. 2018; Gao et al. 2019) .
We argue that the emission from secondaries produced by the neutral beam can be suppressed for two reasons. First, neutrons do not pair-produce via the BH process, which turns out to be the most important source for relativistic pairs, as we show later in Section 4. Second, the emission of pairs, including both BH pairs and those produced from γ-ray attenuation, should largely be isotropized in the larger scale jet where the magnetic field is weaker (for details, see Murase et al. 2018 ). Because of the resulting anisotropic cascades, the radiation produced by the secondaries (as seen in the observer's frame) can readily be suppressed via both angular spreading and time delay. The delayed synchrotron cascade emission originating from pairs with ∼ 10 3 GeV is unlikely to be observed, although γ-ray emission from ultrahigh-energy pairs could in principle be detected as synchrotron "pair-echo" emission (Murase 2012; Dermer et al. 2012 ).
NUMERICAL APPROACH
In this section, we describe our methods for the computation of multi-messenger emission from the neutral Figure 2 . Flowchart demonstrating the two-step numerical approach of our study. We begin by injecting nuclei into the blob. We then calculate the neutrino emission from the blob and the beam and compare to the 2014-2015 neutrino flux measured by IceCube. If the integrated model-predicted neutrino flux is not consistent with the observed one (Step 1), we choose another parameter set. Otherwise, we check if the accompanying cascade emission in the blob overshoots the electromagnetic data (Step 2). If it does, then we choose another input parameter set and repeat Step 1. Otherwise, we check if the model can explain the blazar SED by taking into account the emission of primary electrons in the blob. beam and the blob. A flowchart describing our numerical approach is shown in Figure 2 .
We first consider photohadronic interactions of nucleons and nuclei in the blob and of the neutral beam in the jet, and derive energy spectra of neutrinos, pairs, and γ-rays from pion decays. We utilize the publicly available Monte-Carlo code CRPropa-3.0 (Alves Batista et al. 2016) , which takes into account photodisintegration interactions (Rachen 1996) , photomeson production (Mucke et al. 2000) , and BH pair-production (Chodorowski et al. 1992 ) processes of protons and nuclei 4 . All calculations are performed in the rest frame of the blob (or jet). We solve the rectilinear propagation of protons and nuclei for a travel distance of R b (see Zhang & Murase 2018 , for the application to engine-driven supernovae). We assume that all charged particles (protons and nuclei) cannot escape due to magnetic confinement in the blob and lose energy via adiabatic losses (e.g., Dermer et al. 2012 ). On the other hand, neutrons are free from magnetic confinement, and the escaping relativistic neutrons will continue to interact with the external photon field (until they reach the edge of the extension of the exteral photon field) and produce more neutrinos. A similar approach was adopted by Dermer et al. (2012) . At the end of the calculation, we compute the neutrino flux from the blob and the beam and compare it with the IceCube data.
In the second step, we compute electromagnetic cascade emission induced by secondaries injected in the blob as well as the emission of primary electrons with the goal of explaining the observed SED. We use the timedependent numerical code described in Dimitrakoudis et al. (2012) to compute the emission of the cascade in the blob. In particular, we solve the kinetic equations describing the evolution of photons and pairs, using as source terms in the relevant equations the production rates of secondary pairs and photons as derived from CRPropa-3.0. We take into account all the relevant loss terms for both particle species (i.e., synchrotron radiation, ICS, and γγ absorption). Although the adopted numerical approach treats the feedback between photons and pairs produced in the blob self-consistently (Dimitrakoudis et al. 2012; Petropoulou 2014) , it is not designed to treat the feedback of the cascade photons on the photomeson production and photodisintegration rates. However, the latter effects are negligible as long as the external photon density is much higher than the density of locally produced photons.
Using the injection rates and external photon field properties from the first step, we compute the cascade emission for indicative values of the blob magnetic field strength. If the cascade emission overshoots the electromagnetic data, then we discard the model. If, however, the cascade emission is consistent with these data for some B value, we then consider the emission of primary electrons accelerated in the blob along with the protons and nuclei. We finally check if the resulting photon spectrum can explain the blazar SED.
Model parameters
The plasma composition in AGN jets cannot be probed directly and, as a result, remains largely unknown. In addition to this, the acceleration efficiency of different particle species, which will ultimately determine the composition of particles injected into the blob, is expected to depend on the plasma conditions as well as on the acceleration process itself. Detailed numerical studies on the acceleration efficiency of different nuclei are sparse. For example, Caprioli et al. (2017) demonstrated that the non-thermal tail of nuclei is enhanced by (A/Z) 2 , for the efficient diffusive acceleration at nonrelativistic shocks and singly-ionized material. Albeit informative, at present, such studies are not conclusive and cannot be directly applied to relativistic magnetised outflows of blazars. We therefore treat the composition of accelerated nuclei that are injected into the blob as a free parameter. In particular, we consider a scenario where the injected nuclei are composed of protons and helium, namely two of the most abundant elements in the Universe. The accelerated helium-to-proton number ratio (f He /f P ) is a free model parameter to be constrained by the combined neutrino and electromagnetic data. We use f He /f P = 5 ∼ 4 2 × (0.24/0.76) as our benchmark value, where 0.24 and 0.76 are solar mass fractions of helium and protons. We also treat the external photon field as a free parameter that optimizes the beam/blob neutrino production. The external radiation is constrained by the requirement that its flux (in the observer's frame) is outshined by the non-thermal emission of the blob, namely L ex ≈ 4πR 2 ex cu ex /Γ 2 10 46 erg s −1 . Note that this is a necessary requirement for any type of additional radiation fields (from e.g., the sheath region of the jet). As we discussed in Section 2.2, the luminosity ratio of beam-induced neutrinos and blob-induced neutrinos is ξ ν ∝ R ex u ex ∝ Γ 2 L ex /R ex . For fixed L ex and Γ, the ratio ξ ν increases for smaller values of R ex and higher values of u ex (i.e., more compact photon regions). Assuming the observed typical neutrino energy is ε ν = 1 PeV, then the corresponding target photon energy measured in the blob comoving frame is ε γ ∼ 10 2 (Γ/10) eV. Based on these considerations, we choose the following parameters values for our default external photon field model: u ex = 100 erg cm −3 , spectral index s ex = 1.5, maximum photon energy ε max = 2 × 10 2 eV, minimum photon energy ε min = 10 −2 eV, and radius R ex = 2 × 10 17 cm (see Table 1 ).
The other free parameters that are required to explain the neutrino data are: the maximum proton energy ε p,max , the power-law index of accelerated nuclei s acc , the total CR luminosity L CR , the blob radius R b , and the blob Lorentz factor Γ. In order to compute electromagnetic emissions from the blob, we also need to know the co-moving magnetic field strength B and the properties of primary electrons. Although our model is composed of two regions for neutrino production in the blazar jet, the number of free parameters is considerably smaller than in typical two-zone models, because the two zones (i.e., beam and blob) are physically coupled to each other.
NEUTRINO EMISSION FROM TXS 0506+056
In this section, we present our results for the multimessenger emission from TXS 0506+056 for the period 2014-2015.
Parameter space search
As shown in Figure 2 , we compute high-energy neutrino emission for different combinations of ε p,max , R b , and L CR . In particular, for each pair of values (ε p,max , R b ), we determine L CR so that the modelpredicted neutrino flux at its peak energy (ε peak ν ) is ε peak ν F ε peak ν = 5 × 10 −11 erg cm −2 s −1 . For each set of ε p,max , R b , and L CR values, we also compute the following quantities: the luminosity ratio of beam-induced neutrinos to blob-induced neutrinos at the peak energy ξ ν , the observed peak neutrino energy ε peak ν , the total isotropic-equivalent luminosity of BH pairs L BH , the total iostropic-equivalent γ-ray luminosity from photomeson and photodisintegration interactions L γ , and the number of through-going muon neutrinos and antineutrinos, N νµ+νµ .
Using the energy-dependent effective area A eff (ε νµ ) of the IceCube point-source search analysis in the direction of TXS 0506+056 (Aartsen et al. 2018b ) 5 we find:
where T w = 158 days and ε ν,min = 32 TeV is the minimum energy considered for the calculation (based on the lower energy limit of the IceCube analysis) and F εν is the all-flavor (differential in energy) neutrino flux of the model. We assume vacuum neutrino mixing and use 1/3 to convert from the all-flavor to muon neutrino flux.
Our are shown in Figure 3 . In the top left panel, we can see that ξ ν is sensitive to both ε p,max and R b , with higher ratios obtained for smaller R b and higher ε p,max . These results are consistent with our analytical estimates presented in Section 2. Larger values of ξ ν are generally preferred, because the electromagnetic cascade emission from the beam is suppressed compared to the cascade emission in the blob. Our model favors smaller blobs and more energetic nuclei.
However, larger ε p,max would push the observed peak neutrino energy ε peak ν to higher values (see right panel in middle row) and reduce the number of neutrinos within the selected energy range (i.e., > 32 TeV), as shown in the right panel of the top row. Given that the most probable energy of the 13±5 neutrinos detected in 2014-2015 is ∼ 10 − 100 TeV, lower values of ε p,max are preferred.
The (co-moving) maximum energy, however, cannot be much lower than ∼ 0.4 PeV, because this would lead to much higher injection luminosities of CRs (L CR ; see left panel in middle row), secondary pairs from the BH process of nuclei (L BH ; see left panel in bottom row), and photons from neutral pion decays (L γ ; see right panel in bottom row). In particular, L BH increases by almost two orders of magnitude for an one-decade decrease in ε p,max . Note also that for low values of ε p,max , the injection luminosity of secondaries is dominated by the BH process. As we show later in detail (Sec. 4.3), very high L BH are disfavoured, for they result in bright electromagnetic cascade emission which is strongly constrained by the data. Interestingly, nearly all derived Figure 3 . Parameter space in the R b − ε p,max plane with color indicating (from top left and in clockwise order): the ratio of beam-induced and blob-induced peak neutrino luminosities ξν , the number of muon neutrinos and anti-neutrinos, Nν µ+νµ , the total isotropic-equivalent (observer) CR luminosity, the observed peak neutrino energy ε peak ν , the isotropic-equivalent (observer) peak luminosity of BH pairs, and the isotropic-equivalent (observer) peak luminosity of γ-rays. Three indicative models, which are discussed in detail in Section 4.3, are marked with stars.
quantities are weakly dependent on R b , which means that the blob size cannot be constrained from the neutrino data alone.
By combining all the different pieces of information from Figure 3 , we consider next three indicative models (marked with star symbols in Figure 3 ) that are consistent with the 2014-2015 neutrino flare observations, but differ in their predictions about the cascade emission. The model parameters are summarized in Table 1 .
In what follows, we present the results from these specific models, and discuss whether they can explain the neutrino data and blazar SED simultaneously.
Indicative models for the multi-messenger emission of 2014-2015
In Figure 4 , we show the results of Model A. In the upper left panel, we plot energy spectra of injected nuclei (gray lines) and the energy spectrum of neutrons (orange line) that are mainly produced by the photodisintegration of helium. In the observer's rest frame, the total isotropic-equivalent CR injection luminosity is L CR = δ 4 L CR ≈ 10 50 erg s −1 (δ/10) 4 (L CR /10 46 erg s −1 ). We discuss energetics requirements of the model in Section 5.
In the upper right panel, we present the all-flavor neutrino flux (black solid line) predicted by the model, with the contributions of the blob and the beam plotted with dashed-dotted and dashed lines, respectively. The neutrino flux is dominated by the beam-induced neutrinos, with the peak flux ratio of beam-induced neutrinos to blob-induced neutrinos being ξ ν ∼ 4, in agreement with the qualitative analysis in Section 2 (see also top left panel in Figure 3 ). The bow-tie colored region represents the best-fit result for the neutrino spectrum, with the 95% statistical uncertainty on the parameter estimates, measured by IceCube with the time-dependent analysis (see Figure 3 in Aartsen et al. 2018b ). The all-flavor neutrino spectrum of the model peaks at ∼ 400 TeV (see also right panel in middle row of Figure 3 ) with a flux ε peak ν F ε peak ν 1.5 × 10 −10 erg cm −2 s −1 , as expected (see Section 4.1). Using the model-predicted muon neutrino flux and equation (11) we find N νµ+νµ ∼ 6, consistent with the ∼ 2σ statistical error of the IceCube results of 13 ± 5 signal muon events (Aartsen et al. 2018b ).
In the lower left panel of Figure 4 , we show energy spectra of pairs (green lines) and γ-rays (orange lines) which are produced by photohadronic processes in the blob (dashed lines) and along the beam (solid lines). The low-energy bump of the dashed green curve corresponds to the pairs produced from the BH process of helium nuclei, whereas the second bump at higher energies is related to pairs produced by the pion decays.
Although neutrons do not pair-produce on photons, the protons produced via nγ interactions can still produce pairs via the BH process, which leads to the low-energy hump of the solid green curve. However, the BH pairproduction along the beam is a sub-dominant process for pair injection, as suggested by the peak luminosities of the two bumps in the pair injection spectrum (solid green curves). The secondaries that are injected into the blob are used for computing the electromagnetic emission of the induced cascade in that region. For reasons explained in Section 3, we do not compute the emission from the beam-induced secondaries.
In order to calculate the cascade emission in the blob, in addition to the injection rates of secondary pairs and photons (see dashed lines in the bottom left panel of Figure 4) , we need a value of the magnetic field strength. We adopt B = 80 G that corresponds to u B ∼ 2 u ex . The cascade emission from the secondaries alone is plotted with a dashed red line in the lower right panel of Figure 4 . The synchrotron bump of the cascade spectrum peaks at ∼ 10 keV, with a peak flux almost saturating the Swift-BAT upper limit. Meanwhile, the synchrotron spectrum extends to lower energies as F ε ∝ ε −1/2 , indicative of fast-cooling electrons. The Compton component of the cascade emission, which emerges in the Fermi-LAT band, cannot account for the observed γray flux. If we also consider the emission from a primary electron population injected into the blob (for parameters, see Table 1 ), we can explain the optical measurements of ASAS-SN (green symbol) and enhance the γray flux with the ICS emission from the primaries (solid red line). However, the model has difficulty in explaining the highest energy data point of Fermi-LAT (i.e., possible hardening of the spectrum), due to the high γγ opacity above ∼ 10 GeV.
We also explored a case with B = 5 G or equivalently u B u ex (not shown in the figure) . Pairs, in this case, are cooling more efficiently via ICS. As a result, the peak of the cascade spectrum emerges in γ-rays, while the flux of the synchrotron bump (peaking at ∼ 1 keV now due to the lower magnetic field) is suppressed by almost one order of magnitude. By adding the emission of primary electrons in this model, we can explain the Fermi data, but the model falls short in explaining the ASAS-SN optical measurement. Any attempt to increase further the luminosity of primary electrons leads to an overshoot of the γ-ray flux due to a brighter Compton emission.
For comparison, we also show the results from Model B and Model C in Figure 5 . In Model B, we adopt a lower maximum proton energy, namely ε p,max = 0.4 PeV. We find that the cascade emission alone overshoots the Swift-BAT upper limit, because the injec- Table 1 ) for the 2014-2015 neutrino excess of TXS 0506+056 (see red star in Figure 3 ). Top left: The energy spectra of CR nuclei in the blob co-moving frame obtained after one dynamical timescale (colored lines). The spectrum of injected nuclei is over plotted for comparison (solid grey line). tion luminosity of secondary electron-positron pairs is several times higher than in Model A, as shown in Figure 3 . In Model C, we consider a larger blob with radius R b = 6×10 15 cm, but the same maximum proton energy as in Model A. The cascade emission is brighter than the one found for Model A, but still consistent with the Swift-BAT upper limit.
Physical connection to the 2017 flare associated with IceCube-170922A
In 2017, a high-energy (E ν > 290 TeV) muon-track neutrino event (IceCube-170922A) was detected by Ice-Cube's real-time alert system from the direction of TXS 0506+056 during a period of multi-wavelength flaring activity (Aartsen et al. 2018a ). The neutrino flux inferred from the detection of only one neutrino event is uncertain. For example, assuming that the neutrino emission lasted for 0.5 years (7.5 years) the allflavor upper limits read ∼ 1.8 × 10 −10 erg cm −2 s −1 (∼ 1.2 × 10 −11 erg cm −2 s −1 ) (Aartsen et al. 2018a ). Moreover, the point-source analysis method has shown that the all-flavor neutrino flux upper limit can be one order of magnitude lower, i.e., ∼ 10 −11 erg cm −2 s −1 (Keivani et al. 2018; Gao et al. 2019) .
Here, we do not aim to explain the SED of TXS 0506+056 in 2017 from scratch. Instead, we adopt similar parameter values for the blob and external photon field as those used in Keivani et al. (2018) to explain the SED. Note that all models presented by Keivani et al. (2018) considered a larger blob and external photon fields with much lower energy density than those used here for the 2014-2015 period. The questions we want to address here are the following:
• Are the predictions of the neutral beam model quantitatively consistent with the detection of IceCube-170922A, if protons and helium nuclei were injected into a less compact blob as found by Keivani et al. (2018) ?
• What would be the contribution of the neutral beam to the total neutrino emission of TXS 0506+056 in 2017?
We adopt similar parameters as those used in the model LMPL2b of Keivani et al. (2018) : u ex = 0.08 erg cm −3 , ε min = 50 eV, ε max = 5 keV, s ex = 2, R ex = 10 19 cm, R b = 10 17 cm (for a detailed list of input model parameters, see Table 2 ). Our results for ε p,max = 10 15.4 eV, R b = 10 17 cm, and L CR = 8.2 × 10 49 erg s −1 are summarized in Figure 6 . We find that the neutral beam model, when applied to the 2017 flare, yields results that are consistent with the detection of ∼ 1 muon neutrino event, even though the emission of the beam-induced neutrinos is ∼ 100 times lower than that of blob-induced neutrinos.
If we lower the value of the minimum photon energy (without changing any other parameter) down to, e.g., ε min = 0.5 eV, then the emission of the beam-induced neutrinos becomes comparable to that from the blob. In that case, the total neutrino flux is ∼ 2 times higher than the flux predicted by standard single-zone models that consider only the neutrino emission from the blob. However, we cannot readily simultaneously explain well the observed SED of the 2017 flare for the following reason: by decreasing ε min we do not only increase the interaction efficiency of helium nuclei to produce secondaries, but we also enhance the inverse Compton scattering rate between electrons and lower energy photons. The latter leads to an enhancement of the SSC emission, which overshoots the Swift/XRT and NuSTAR data.
The properties of the external photon field needed to explain both the neutrino flux and the SED of the 2017 flare are coupled to the parameters describing the blob and the relativistic particles therein. Here, we chose similar parameters as those used in Keivani et al. (2018) . It is therefore likely that other combinations of parameters, which can explain the SED, may at the same time allow for a higher contribution of beam-induced neutrinos to the neutrino flux., by e.g., allowing the use of larger R ex ) and/or higher u ex and/or lower min than those adopted here. A wide parameter space search for the 2017 flare lies, however, beyond the scope of this work.
SUMMARY AND DISCUSSION
The neutral beam model has been suggested to explain flaring neutrino emissions of TXS 0506+056 . We presented the first comprehensive study for the neutrino emission from TXS 0506+056 in the framework of the neutral beam model for blazars. We demonstrated that both the 2014-2015 neutrino flare excess and the 2017 multi-messenger flare can be explained by the neutral beam model without violating the X-ray and γ-ray observations.
Our Model A for the 2014-2015 neutrino excess predicts a number of N νµ+νµ ∼ 6 muon-track neutrino events within a period of 158 days and the energy range of 30 TeV to 2 PeV, consistent with the IceCube detection within the 2σ uncertainty range. The total allflavor neutrino flux at the peak neutrino energy ε ν,peak 400 TeV is ε peak ν F εν peak 1.5 × 10 −10 erg cm −2 s −1 , with the contribution of beam-induced neutrinos being ∼ 4 times larger than the contribution of blob-induced neutrinos. The electromagnetic cascade emission of the default model is consistent with multi-wavelength data and X-ray upper limits. By also considering the emission of primary electrons in the blob, we showed that the observed SED can be adequately described if B = 80 G. Lower values of the magnetic field (i.e., B 8πu ext ) are disfavored, for they lead to bright inverse Compton emission that overshoots the Fermi-LAT data. Small changes in either the blob radius R b or maximum proton energy ε p,max compared to their default values (i.e., 10 15 cm and 10 14.8 eV, respectively) can enhance the cascade emission in the blob, especially in the latter case.
We also showed that the neutral beam model, when applied to the 2017 flare, results in a neutrino flux that is consistent with the upper limits inferred from the detection of IceCube-170922A. The neutral beam model therefore provides a common physical framework for explaining the IceCube observations of both epochs. This Figure 4 , but for the 2017 flare with following parameters: ε p,max = 10 15.4 eV, R b = 10 17 cm, and L CR 1.5 × 10 49 erg s −1 . The external photon field (brown line in the lower right panel) and blob properties used here are taken from the hybrid leptonic model LMPL2b in Keivani et al. (2018) , ε min = 0.5 eV, ε max = 5 keV, sex = 2, u ex = 0.08 erg cm −3 , Rex = 2 × 10 19 cm, and δ = 25 (for a complete list of parameters, see Table 2 ). Note that the very-high-energy γ-ray data measured by MAGIC were not included in the SED fitting of Keivani et al. (2018) , as they were not publicly available at the time.
can be achieved, however, only if the properties of the blob are significantly different between 2014-2015 and 2017. More specifically, we find that the blob should be more compact, with stronger magnetic field, and lower Lorentz factor in 2014-2015 compared to 2017. These results also suggest that the blob was formed closer to the central black during the period of the neutrino excess compared to 2017, where a larger dissipation distance is more plausible (e.g., z ≈ R b /θ j 10 18 cm (R b /10 17 cm)(0.1/θ j ), for a conical jet with opening angle θ j ). In addition to the blob properties, which differ significantly between the two epochs, the CR co-moving injection luminosity also differs by a fac-tor of ∼ 40, with higher luminosities required for the period of the neutrino excess.
In this work, we considered an arbitrary external photon field as the main target for the photo-hadronic interactions in the blob and the beam. For the modeling of the 2014-2015 neutrino excess, a very dense external photon field is required, with co-moving energy density u ex ∼ 100 erg cm −3 (see Table 1 ). The latter is similar to the value found in Reimer et al. (2019) , who searched for the minimal target photon field needed to produce the neutrino emission of 2014-2015. However, we cannot explain the SED of the 2017 flare with such dense external photon field. Keivani et al. (2018) showed that the SED of the 2017 flare can be well-modeled with a much lower energy density of external photon fields (i.e., u ex 0.1 erg cm −3 ). The observed luminosity of the external photon field used here to explain the 2014-2015 flare is L ex ∼ 10 46 erg s −1 . This is also similar to the value inferred by the modeling of the 2017 flare (see Table 2 and Keivani et al. (2018) ), which would not be so far from the maximally allowed luminosity based on the SED during the 2017 flare.
It is still an open question how a similar external radiation luminosity is realized in the 2014-2015 and 2017 epochs, while the density and size of the external radiation field as well as the properties of the dissipation region are significantly different. The luminosity of the external photon field is extreme when compared to the typical luminosity of the emission from broadline region, L BLR ∼ 5 × 10 43 erg s −1 , or accretion disk, L AD ∼ 3 × 10 44 erg s −1 . The broadband external photon field could arise from the sheath region of a structured jet, where CRs accelerated in a faster spine interact with photons emitted by electrons accelerated in the slower sheath region (Ghisellini et al. 2005; Tavecchio et al. 2014; Righi et al. 2017; Ansoldi et al. 2018; Tavecchio et al. 2019) . We note, however, that L ex ∼ 10 46 erg s −1 is much higher than the luminosities of the sheath typically inferred by the modeling of other blazars (e.g., Ghisellini et al. 2005) . Variable external radiation fields are naturally expected in this scenario, although the details (e.g., timescale of variations) remain unclear. Interestingly, the presence of a variable external photon field on month-long timescales is also inferred by the SED modeling of archival data (Petropoulou et al. in preparation) , even though the necessary changes in the photon energy density as not as extreme as found here (i.e., from ∼ 100 erg cm −3 down to ∼ 0.3 erg cm −3 ). Britzen et al. (2019) argued that TXS 0506+056 is a special blazar, hosting a SMBH binary that produces two interacting precessing jets. If this scenario is confirmed, one of the two jets could in principle provide an additional external photon field. However, given the large physical distance between the two jets, R ex ∼ 10 19 cm, (Britzen et al. 2019) , the photon energy density in one jet (with an observed luminosity L ex 10 46 erg s −1 ) as seen in the rest frame of the other one is typically small, a few erg cm −3 , even when the Doppler boosting due to the relative motion of the two jets is taken into account. Such photon energy densities seem insufficient to explain the 2014-2015 neutrino flare.
The absolute jet power of TXS 0506+056 can be written as: P j = η j L Edd 1.5 × 10 47 η j 0.9 M BH 10 9 M erg s −1 , (12) where L Edd 1.7 × 10 47 (M BH /10 9 M ) erg s −1 is the Eddington luminosity of a SMBH with mass M BH and η j ≤ 1 is an efficiency factor. If a fraction CR of the jet power is carried by relativistic protons and nuclei, then we can estimate the isotropic-equivalent CR luminosity as 
where θ beam ∼ 1/Γ ∼ 0.1 is the opening angle of the beam, and b ν fl /f ν fl is the ratio of the energy dissipated during flares b fl to the fraction of time spent in a flaring state f fl and should be larger than unity for flares . The CR luminosity derived in Model A is therefore plausible, only if CR ∼ 0.3, η j ∼ 0.9, and b ν fl /f ν fl ∼ 10. Note that energetics requirements would be even more excessive, had we assumed a softer CR injection spectrum (with e.g., s acc 2).
We considered the case where CRs loaded into the jet have a mixed composition that is mainly composed of protons and helium. We explored different values for the ratio of helium to protons, ranging from 1/12 to a pure helium composition. We found that the contribution of beam-induced neutrinos increases for larger values of the f He /f P ratio, as more free neutrons are generated via the photodisintegration of helium nuclei. We also tried other compositions, which are dominated by heavy nuclei, but we had difficulty in finding parameters that can explain the IceCube neutrino data without overshooting the electromagnetic data. This is because the energy loss efficiency of the BH process is sensitive to the ratio of nuclei charge number to mass number,i.e., f BH,A ∝ Z 2 /A. For example, the BH pair luminosity for fully ionized iron nuclei can be ∼ 10 times larger than those for protons or helium. In the case of CR injection with solar composition, the CRs loaded into the jet are mainly dominated by protons. In this case, the flux of the blob-induced neutrinos is larger than the flux of beam-induced neutrinos, because the flux of the neutral beam is suppressed due to the low efficiency of the photomeson production process.
In conclusion, the neutral beam model can provide a common framework for explaining the neutrino and electromagnetic emission of TXS 0506+056 in both periods of the 2014-2015 and 2017 flares if: (i) the ratio of helium to protons for accelerated CRs is about 5 or beyond, (ii) the external radiation field is strong enough in both of the flare cases and may vary in month-toyear timescales, (iii) the injection CR luminosity, the Lorentz factor, and comoving size of the blob also vary in month-to-year timescales, and (iv) electromagnetic cascades induced by the neutron beam are developed in the decelerated jet or interstellar medium.
